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Subspace Methods for Blind Identification
of Multichannel FIR Filters Using
Space-Time Contraction of Cumulants

Massimiliano MartoneMember, IEEE

Abstract—We show that the popular subspace method for independent, having nonzepa-¢-+2th order zero-lag
identification of multichannel systems can be implemented using cumulant. that is%[gml = cumfzn: p+1,Tn: g+1] #
particular contractions of higher-order cumulants, in the case of 0 [2] ' ’

independent, identically distributed (i.i.d.) inputs. The algorithm )
appears to outperform the traditional correlation-based subspace ~ Arrange channels in vector form
algorithm in low signal-to-noise-ratio (SNR) and/or correlated
noise. T T T T
H :[H17H27"'7HK]
Index Terms—Higher order statistics, identification.
where

I. INTRODUCTION
i i H. _Jhim—n), 0<m-n<M
HE SUBSPACE algorithm proposed in [1] uses second- (Hi]nm = 0. mem > M or m—n<0

order statistics to blindly identify a multichannel finite
impulse response (FIR) filter. We show here how the meth%ﬂdh‘ — [h:(0), ha(1), - - -, hs(M)]T. Expression (1) can be
can be implemented usingt g+ 2th order statistics wherne+ : A ’
. . ) . . compactly expressed as

g > 1. The immediate advantage is that the algorithm, being
theoretically insensitive to additive Gaussian noise, improves
significantly over the traditional correlation-based subspace
method in terms of identification accuracy at low signal-to-
noise-ratio (SNR) and/or in correlated Gaussian noise. ~ Where

DT L FOTT (m) _ [ m) .. (M) T
ll. SPACE-TIME CONTRACTION OF CUMULANTS RS A I o™ U

. " . . . Tn = [-Tna Tn—1,""" 7-Tn—N—J\l+1]T
Using standard filtering and sampling operations, we can b O m) T
represent a digitally modulated oversampled signal affectetts =[n%" -+ 2 17 ™ =™ 0 4]

by intersymbol interference [1] as
with N > M and the dimensions dil are properly defined

Yk = Z P (m) 2 —m + 1, k=12,---,K (1) We introduce here the following contracted-cumulant matrix:
m
W) o2 . el
where n{" describes Gaussian noise amg is a complex Cf’éﬂ"f Ci’é?g’? C%Q’]; i
symbol. Two assumptions are assumed to hold (see [1] for a Cypqg=| vro Ture v
discussion) : : : :
AS1: The transformation in (1) represents a stable system 05,’;,? C’Ef})? C’Ef})g)

but possibly nonminimum phase, satisfying: 1) all

channelsh;(k),i = 1,2,---, K, have finite support where the generid:,i element (withl < &k < N,1 <
M +1,, and 2)h;(M) # 0 for somei, h;(0) # 0 for ¢ < N) of the matrixCéi’;;{(}"’z) is obtained by a space-time
somei, 3) Hi(2) = XM hi(n)z™™,i =1,2,--- K

n=0

have no common zeroes. 1we use the notatioff to denote complex conjugation efand
AS2: the sequencgz,,} is constituted by zero-mean ran-
dom variables non-Gaussian distributed, statistically P a
cum|z, g, z: p,W: ¢] = cum[z,y,z, -+, 2, W, -, |
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Fig. 1. Estimation MSE versus SNR for white Gaussian noise with 95% confidence intervals at S\R5, and 35 dB.

contractiod of cumulants as into (3), we obtain
CATEITED DI DI O s = H B K00 (9)
o where KlPal = AP K s p (OP[R.(1)]2. The
(m1)  —(m2) (r) () N
k1 Uit Ynagr Po U Ly 4 matrix C,, ,,, can be so decomposed as
®) Cppy = H KP4 g ©)

Due to the linearity property of cumulants [2] and the mde

[p.d] 2Ry . . i
pendence of the source symbols, we have that NAK™H = KDL (van)x (v an) 18 (N + M) x (N + M)

diagonal matrix. Observe th&t, , , is Hermitian.

S (m)  —(ma) () o
Z cumfy, 53 st Ynoar P Unega 4l [ll. PRACTICAL METHODS
I=—0o0 ~
o0 _ The matrixC, ,, , can be estimated usifN samples &s
] Z Z hml (kl —k+ 1)hmz (kl —i+ 1) K Bk—
I=—0oc ky 2 i 2
(my,ma2) B
[l — 1+ D (ky = 1+ D] G =2, 2,
= AP By, (ks = k4 D)o, by — A
Yz my V1 + ) nlz( 1 ¢+ 1) m T
o x cumn TNy m) _EL ilk,yﬁ)l D, ?fl)l ab
« Z (O] R (D] (4) wherecum(®)[- - ] is a consistent and asymptotically normal
Pt estimator [5] of the cumulantum][ -] based on sample-

statistics usingS samples. We limited the infinite summation
where we have also used the fact that cumulants of a Gaussg;rthe contraction in time t&3%*~% and B*? . These limits
1 2 '

process vanish for orders greater than two [2]. Substituting (gf

e defined by the region of support of the cumulant to be

3We use the tensor terminologgontraction following [4] where in a estimated. In fact the generic cumulant term of (7) is of

direction finding context it was stated that summlng fourth-order cross-
cumulants with respect to the sensor index is equivalent to operating é‘Observe that due to the stationarity of the subproceg‘fse%we have that
contraction of the quadricovariance. Algorithms for system |dent|f|cat|oa1m[q k)+1 —157"7271_1 qfl)H_l . yiz)l-&-l q = mm[lh(1 1 -,UEZ"QLLC,
based on time contractions (definguiojectiony of cumulants were first () —(r) +o0 m1) —(mz)  (r)
D,y : g]. Moreoverx;"° (‘llIll[’ljn Y Y :
presented in [3]. In the multichannel framework we sum cumulants with:—i+k n—I+k" l=—c0 n—itk? In—l+k"
respect to the channel index (space contraction) and with respect to the tpmggl x4 = Zl*_““foo (‘uIIl[ull ") y("lzlﬂrk,y(r) P,7 J( o q] can be
index (time contraction). proved using a marginal modlflcatlon of the derlvatlon in (4)
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Fig. 2. Estimation MSE versus SNR for white Gaussian noise with 95% confidence intervals at S\R5, and 35 dB.

the form cum[y™, 72 4 - p, 7" : q]. The region of whered;,i = 0,1,---, KN — 1 are the eigenvectors corre-
support[BX) B® 11 ... BM] of this cumulant (that is SPonding to the ordered eigenvalues in the eigenvalue decom-
the valid range of values fdh can be determined as follows.position ofC, ,, ,. In practice, only estimates of cumulants are
Sinceh;(n) are FIR of lengthM + 1, we have that available and the orthogonality condition is more conveniently
] ) expressed as a minimization of a quadratic form involving
cumly(™) 7" o p 7Y d] the channel coefficients. Definingh) = S/ 1 |d! H|?,
= Culn[yr(:i})7y£:|l—21)—k7yr(f):pvyg): ql it is possible to show as in [1] that(k) = k" Qh, where
h=[hik], - hi]" and@ = 0L D/DH. The matrix

D; is a matrix (see [1]) constructed frody exactly like H
was constructed fromh. The problem of finding the minimum

is different from zero only fomax{—M,—-M +k} <1 < of the functiong(h) can also be expressed as a constrained
min{M, M +k}. Consequentl;Bi'“) andBé’“) can be selected optimization problem with a linear/quadratic constrain (see
as [1] for details).

Bik) < maz{-M,-M + k}, Bék) > min{M, M + k}. IV. SIMULATIONS

= PAD ", (04 Db, (0 41— KR (n)P R ()

The decomposition (6) allows the use 6f,,, in the  We present results for fourth-order and sixth-order cumu-
subspace methédThe span of thel/ + N eigenvectors of lants. The following labeling system applies to the results of
C, »q associated with theM + N eigenvalues of largestthe simulations presented in this Section.
magnitude is also the linear space spanned by the columns sy/BSOS = correlation-based method.
of the filtering matrix H. Since H is .fuII column rgnk and . SUBHOS4 = C,;-based method.

N > M, the_ s_ubspace oCy ;4 l_Jn!qugly determines the | SUBHOS6 = C,5-based method.

channel coefficients up to a multiplicative constant (see [1h ] Dt
Th. 2]). TheK N — (M + N) eigenvectors associated with theT2e SQNR n dB is defined assNRqp = 10 logig
KN — (M + N) smallest eigenvalues (theoretically equal t§7=|/#/I°/K ;) and the estimation MSE for 100 Monte Carlo
zero) are orthogonal to the columns Hf. The orthogonality runs is defined asMSEqs = 20 logioy/ %1% ||k — k. ||?

condition for €., is where h,fz,, are the true channel and the channel estimated

deH =0 for M+N<i<kn-—1 at the rth computer run. We also show the 95% MSE
s ) i ~ confidence intervals a8NR = 5, 25, and 35 dB. All the
It is important to observe that the idea of contracting (or projectin

cumulants to obtain generalizations of algorithms based on second-o?égmu'at!ons are perfor.med'usmg the same parameters of the
statistics, was first used in [3]. simulation example given in [1]V = 10, K = 4,M = 4,
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Fig. 3. Estimation MSE versus SNR for correlated Gaussian noise with 95% confidence intervals at SNE, and 35 dB.

discrete-time complex channels given in [1]. Fig. 1 showtat is the large variance of their estimates, is evident from
results for white Gaussian noise with a sample-size tfe confidence intervals. Fig. 3 shows results for correlated
TN = 500. Fig. 2 shows results for white Gaussian nois&aussian noise with a sample-size 9V = 500. The
with a sample-size of’ N = 1000. The sample MSE results Gaussian noise multivariate proces.”, 72, n'>, n?|T
show significant advantage at low SNR but the importamtas correlated filtering white Gaussian noise with a 4-input

well-known disadvantage of the cumulant-based methodsputput moving average (MA) model. The MA model used

r—0.7883 — 0.6440i —0.9700 +0.1970i —0.9373 — 0.6676i  0.3650 4 0.6101
B(0) — | L0017+ 08028 21416+ 036490 0.3868 — 0.07620  —0.1479+ 0.1063;
0.0499 + 0.5263i —0.1103 — 1.5429%  1.7134 — 0.3482i  1.7822 — 0.1681i
| 0.235240.9788i  0.6543 — 1.6864i  1.1562 — 0.4805i  0.7681 — 0.0680i
B(1)=0
—1.4617 — 0.2601¢  1.6100 + 1.3369%  0.6082+ 0.1064i —0.7617 + 0.9979 ]
B(2)— | 03092+ 0.11550  0.7293 - 0.2901i 16078 — 0.8970i  ~0.2730 +1.0206i
11310 — 1.2038  0.9472+0.8051i  0.2063 +1.0812i —2.3280 — 0.3077i
| 1.5015 4 0.90214 —0.2532 — 0.0132i 1.6959 + 0.2936i  0.9663 — 0.3939;
B(3) =0
r0.7910 4 0.7907  —0.0893 +1.3425i —0.7716 — 0.2655; 1.9886 + 0.8873i ]
B(ay— | 06541+ 03361 11789 - 0.34880  0.172040.2085  0.3374 4 0.8204i
15183 +0.8142  0.682340.1308i  1.1864 — 0.4979%  0.9673 + 0.3080i
[—0.1206 4 0.9063i —1.5915 — 0.7726i —0.5155+0.2168; 0.3650 — 0.87834 ]
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