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Subspace Methods for Blind Identification
of Multichannel FIR Filters Using

Space-Time Contraction of Cumulants
Massimiliano Martone,Member, IEEE

Abstract—We show that the popular subspace method for
identification of multichannel systems can be implemented using
particular contractions of higher-order cumulants, in the case of
independent, identically distributed (i.i.d.) inputs. The algorithm
appears to outperform the traditional correlation-based subspace
algorithm in low signal-to-noise-ratio (SNR) and/or correlated
noise.

Index Terms—Higher order statistics, identification.

I. INTRODUCTION

T HE SUBSPACE algorithm proposed in [1] uses second-
order statistics to blindly identify a multichannel finite

impulse response (FIR) filter. We show here how the method
can be implemented using th order statistics where

The immediate advantage is that the algorithm, being
theoretically insensitive to additive Gaussian noise, improves
significantly over the traditional correlation-based subspace
method in terms of identification accuracy at low signal-to-
noise-ratio (SNR) and/or in correlated Gaussian noise.

II. SPACE-TIME CONTRACTION OF CUMULANTS

Using standard filtering and sampling operations, we can
represent a digitally modulated oversampled signal affected
by intersymbol interference [1] as

(1)

where describes Gaussian noise and is a complex
symbol. Two assumptions are assumed to hold (see [1] for a
discussion)

AS1: The transformation in (1) represents a stable system
but possibly nonminimum phase, satisfying: 1) all
channels have finite support

, and 2) for some for
some 3)
have no common zeroes.

AS2: the sequence is constituted by zero-mean ran-
dom variables non-Gaussian distributed, statistically
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independent, having nonzero th order zero-lag
cumulant1, that is

[2].

Arrange channels in vector form

where

or

and Expression (1) can be
compactly expressed as

(2)

where

with and the dimensions of are properly defined2.
We introduce here the following contracted-cumulant matrix:

...
...

...
...

where the generic element (with
of the matrix is obtained by a space-time

1We use the notationx to denote complex conjugation ofx and

cum[x; y; z: p;w: q] = cum[x; y;

p

z; � � � ; z;

q

w; � � � ; w]

to denote thep+q+2th order cumulant of the joint complex random variable
fx; y; z; wg:

2The filtering matrixHHH is full column rank due toAS1 and AS2 and to
the assumptionN �M [1].
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Fig. 1. Estimation MSE versus SNR for white Gaussian noise with 95% confidence intervals at SNR= 5, 25, and 35 dB.

contraction3 of cumulants as

(3)

Due to the linearity property of cumulants [2] and the inde-
pendence of the source symbols, we have that

(4)

where we have also used the fact that cumulants of a Gaussian
process vanish for orders greater than two [2]. Substituting (4)

3We use the tensor terminologycontraction following [4] where in a
direction finding context it was stated that summing fourth-order cross-
cumulants with respect to the sensor index is equivalent to operating a
contraction of the quadricovariance. Algorithms for system identification
based on time contractions (definedprojections) of cumulants were first
presented in [3]. In the multichannel framework we sum cumulants with
respect to the channel index (space contraction) and with respect to the time
index (time contraction).

into (3), we obtain

(5)

where The
matrix can be so decomposed as

(6)

and is a
diagonal matrix. Observe that is Hermitian.

III. PRACTICAL METHODS

The matrix can be estimated using samples as4

(7)

where is a consistent and asymptotically normal
estimator [5] of the cumulant based on sample-
statistics using samples. We limited the infinite summation
of the contraction in time to and These limits
are defined by the region of support of the cumulant to be
estimated. In fact the generic cumulant term of (7) is of

4Observe that due to the stationarity of the subprocessesy
(m)
n we have that

cum[y
(m )
n�k+1; y

(m )
n�i+1; y

(r)
n�l+1: p; y

(r)
n�l+1: q] = cum[y

(m )
n ; y

(m )
n�i+k;

y
(r)
n�l+k: p; y

(r)
n�l+k: q]: Moreover�+1

l=�1 cum[y
(m )
n ; y

(m )
n�i+k; y

(r)
n�l+k:

p; y
(r)
n�l+k: q] = �+1

l=�1 cum[y
(m )
n ; y

(m )
n�i+k; y

(r)
n�l

: p; y
(r)
n�l

: q] can be
proved using a marginal modification of the derivation in (4).
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Fig. 2. Estimation MSE versus SNR for white Gaussian noise with 95% confidence intervals at SNR= 5, 25, and 35 dB.

the form The region of

support of this cumulant (that is
the valid range of values for can be determined as follows.
Since are FIR of length , we have that

is different from zero only for
Consequently and can be selected

as

The decomposition (6) allows the use of in the
subspace method5. The span of the eigenvectors of

associated with the eigenvalues of largest
magnitude is also the linear space spanned by the columns
of the filtering matrix Since is full column rank and

the subspace of uniquely determines the
channel coefficients up to a multiplicative constant (see [1,
Th. 2]). The eigenvectors associated with the

smallest eigenvalues (theoretically equal to
zero) are orthogonal to the columns of The orthogonality
condition for is

5It is important to observe that the idea of contracting (or projecting)
cumulants to obtain generalizations of algorithms based on second-order
statistics, was first used in [3].

where are the eigenvectors corre-
sponding to the ordered eigenvalues in the eigenvalue decom-
position of In practice, only estimates of cumulants are
available and the orthogonality condition is more conveniently
expressed as a minimization of a quadratic form involving
the channel coefficients. Defining
it is possible to show as in [1] that where

and The matrix
is a matrix (see [1]) constructed from exactly like

was constructed from The problem of finding the minimum
of the function can also be expressed as a constrained
optimization problem with a linear/quadratic constrain (see
[1] for details).

IV. SIMULATIONS

We present results for fourth-order and sixth-order cumu-
lants. The following labeling system applies to the results of
the simulations presented in this Section.

• correlation-based method.
• -based method.

• -based method.

The SNR in dB is defined as
and the estimation MSE for 100 Monte Carlo

runs is defined as

where are the true channel and the channel estimated
at the th computer run. We also show the 95% MSE
confidence intervals at 5, 25, and 35 dB. All the
simulations are performed using the same parameters of the
simulation example given in [1]:
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Fig. 3. Estimation MSE versus SNR for correlated Gaussian noise with 95% confidence intervals at SNR= 5, 25, and 35 dB.

discrete-time complex channels given in [1]. Fig. 1 shows
results for white Gaussian noise with a sample-size of

Fig. 2 shows results for white Gaussian noise
with a sample-size of The sample MSE results
show significant advantage at low SNR but the important
well-known disadvantage of the cumulant-based methods,

that is the large variance of their estimates, is evident from
the confidence intervals. Fig. 3 shows results for correlated
Gaussian noise with a sample-size of The
Gaussian noise multivariate process
was correlated filtering white Gaussian noise with a 4-input
4-output moving average (MA) model. The MA model used
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to correlate noise is shown at the bottom of the previous page.
In colored noise, the SUBSOS method uses the whitening
approach of [1], which assumes knowledge of the noise
correlation properties.
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